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Computation of Trailing-Edge Flow and Noise Using
Large-Eddy Simulation
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Turbulent boundary layers near the trailing edge of a lifting surface are known to generate intense, broadband
scattering noise as well as surface pressure � uctuations. Numerically predicting the trailing-edge noise requires
that the noise-generating eddies over a wide range of length scales be adequately represented. The large-eddy
simulation (LES) technique provides a promising tool for obtaining the unsteady wall-pressure � elds and the
acoustic source functions. An LES is carried out for turbulent boundary-layer� ow past an asymmetrically beveled
trailing edge of a � at strut at a chord Reynolds number of 2:15 £ £ 106. The computed velocity and surface pressure
statistics compare reasonably well with previous experimental measurements. The far-� eld acoustic calculation is
facilitated by the integral solution to the Lighthill equation derived by Ffowcs-Williams and Hall. Computations
have been carried out to determine the far-� eld noise spectra, the source-term characteristics, and the requirement
for the integration domain size. It is found that the present LES domain is adequate for predicting noise radiation
over a range of frequencies. At the low-frequency end, however, the spanwise source coherence estimated based on
surface pressure � uctuations does not decay suf� ciently, suggesting the need for a wider computationaldomain.

I. Introduction

T HE aeroacoustics of � ow–airfoil interaction exhibit distinct
characteristics depending on the physical length scales in-

volved. In the small-body (relative to acoustic wavelength) limit
characteristicof the noise generated by large-scalevortex shedding
at low � ow Mach numbers, the noise calculationis facilitatedby the
use of Lighthill’s analogy1 in conjunctionwith a free-spaceGreen’s
function, in the sense of Curle’s formulation2 (or more generally,
the Ffowcs-Williams and Hawkings equation3 ). Computations us-
ing this approach can be found in, for example, Refs. 4 and 5.

A more fascinating aspect of airfoil noise is the aeroacoustic
scattering by the trailing edge. This occurs at the large-body limit
(i.e., when the chord is comparable with or exceeds the acoustic
wavelength) and is the source of intense broadband noise.6,7 The
presence of a sharp trailing edge enhances radiation to the far � eld
by altering the source characteristics;for instance, turbulent eddies,
known as quadrupolesource in free space,behave in a nonmultipole
(sometimes termed 3

2 -pole) fashion in the vicinity of a semi-in� nite
� at-plate edge.8,9 To account for the surface re� ection of acoustic
waves, a hard-wallGreen’s functionmust be employedin an integral
solution to the Lighthill equation1 if the acoustic source terms are
obtained from incompressible� ow solutionsunder low Mach num-
ber approximation. If the source � eld is obtained from a compress-
ible � ow simulationand containsaccurate acoustic information, the
free-spaceGreen’s function is applicable,and the Ffowcs-Williams
and Hawkings equation3 providesa convenientframework for solv-
ing this class of problems.10 Howe11 gave an extensive review
of the theoretical developments in trailing edge noise prediction
methods.

In addition to the direct noise radiation, the surface-pressure
� uctuations (pseudo-sound) are of importance because they tend
to excite structural vibration and low-frequency noise.12 The rapid
changesin surfacepressurenear the trailingedgeprovideanef� cient
mechanism for generating the detrimental lower-frequencycontent
of the wall-pressure wave number spectrum. The problem is often
further complicated by the presence of adverse pressure gradient,
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boundary-layerseparation,and vortex shedding in the trailing-edge
region.

To predict the trailing-edge noise numerically, the noise-gene-
rating eddies over a wide range of length scales must be adequately
represented.This requirementcannotbe met by the traditionalcom-
putational � uid dynamics methods based on Reynolds-averaged
Navier–Stokes (RANS) equations or Euler equations.A large-eddy
simulation (LES) techniqueprovidesa promising tool for obtaining
the unsteady surface-pressure � elds and the near-� eld turbulence
quantities. LES is well suited for computing the noise source at
Reynolds numbers of engineering interest because it resolves only
the energy-containingeddies, known to be signi� cant contributors
to noise radiation. The effect of small (subgrid) scale eddies on
the large- (resolved) scale motion is modeled, thus drastically re-
ducing the computational cost as compared with direct numerical
simulation (DNS).

The present work is aimed at developing numerical prediction
methods for trailing-edgeaeroacousticsusinga combinationof LES
and Lighthill’s theory.1 The instantaneous turbulent � ow� eld near
the trailing edge is obtained by means of LES based on the in-
compressible Navier–Stokes equations. The space– time evolution
of the surface-pressure � uctuations, useful as forcing function for
structural vibration models, is also computed directly. The simula-
tion results allow the acoustic source functions, or the � uctuating
Reynolds stresses, to be evaluated. The radiated noise is then com-
puted from an integral-formsolution to the Lighthill equationusing
an approximate hard-wall Green’s function (see Ref. 8). This ap-
proach has recently been employed by Manoha et al.13 to predict
the vortex shedding noise from essentially laminar boundary layers
interacting with a rectangular trailing edge. The present work fo-
cuses on the broadband noise of realistic turbulent boundary layers
incident on a sharp, asymmetric trailing edge at a Reynolds number
much higher than that considered in Ref. 13.

The case under study corresponds to the experiment conducted
by Blake.14 As shown in Fig. 1, a two-dimensional � at strut with a
circular leading edge and an asymmetric, beveled trailing edge of
25-deg tip angle is placed in a uniform stream at a 0-deg angle of
attack. The strut’s chord C =21.125h, and span L =23.5h, where
h is the thickness.The Reynolds numberbasedon freestreamveloc-
ity U 1 and the chord is 2.15 £ 106. The free-stream Mach number
M =U 1 /c 1 ¼ 0.088. This � ow is particularly interesting in that
the asymmetric edge shape produces a separated � ow on the low-
pressure side and an attached boundary layer on the high-pressure
side, thus creatingcomplex shear layer interactionsin the vicinityof
the trailing edge. B , C , D, E , F , and G indicate measurement sta-
tions in Blake’s experiment.14 They are located at x1 / h = ¡ 4.625,
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Fig. 1 Flow con� guration and computational domain; experimen-
tal measurement stations B–G are located at x1 /h = ¡ 4:625, ¡ 3:125,
¡ 2:125, ¡ 1:625, ¡ 1:125, and ¡ 0:625, respectively.

¡ 3.125, ¡ 2.125, ¡ 1.625, ¡ 1.125, and ¡ 0.625, respectively, in a
Cartesian coordinate system originating from the trailing edge. Sta-
tistical measurements of velocity and � uctuating surface pressure
� elds in the trailing-edge region are available for comparison with
computational results. Acoustic measurements were not made in
this experiment, although they were made in a separate experiment7

under different � ow conditions,using trailing edges similar, but not
identical, to the one in Fig. 1.

II. LES of Trailing-Edge Flow
A. ComputationalMethodology

The near-� eld LES solves the spatially � ltered, unsteady, incom-
pressibleNavier–Stokes equations in conjunctionwith the dynamic
subgrid-scale (SGS) model.15,16 The numerical code is an adapta-
tion of the C-grid code described by Choi17 and Mittal.18 Spatial
discretization is achieved using second-order central differences in
the streamwise and wall-normal directions and Fourier collocation
in the spanwise direction. The time advancement is of the frac-
tional step type, in combination with the Crank–Nicolson method
for viscous terms and third-orderRunge–Kutta scheme for convec-
tive terms. The continuity constraint is imposed through a pressure
Poissonequation,solvedat each Runge–Kutta substepusinga multi-
grid iterative procedure.

To reduce the computational cost while capturing the essential
physical processes of interest, simulations are conducted in a com-
putational domain containing the aft section of the strut and the
near wake, as illustrated in Fig. 1. Except for the inlet, the other
three sides of the domain have been truncated for clarity. The ac-
tual domain size is approximately 16.5h, 41h, and 0.5h, in the
streamwise, x1 , wall normal, x2, and spanwise x3 directions, re-
spectively. The computational grid, de� ned in curvilinear coordi-
nates in the x1 –x2 plane and Cartesian coordinate in x3, uses a total
of 1536 £ 96 £ 48 points, with appropriate clustering in the near-
wall and trailing-edge regions. Of the 1536 streamwise grid points,
640 are distributed along the upper surface, 512 along the lower
surface, and 2 £ 192 along the wake line (branch cut). The maxi-
mum grid spacing along the strut surface, measured in wall units,
is D x +

1 ¼ 62, D x +
3 ¼ 55, and D x +

2 ¼ 2. The simulation, running at
a maximum Courant–Friedrichs–Lewy number of 1.5, requires 200
singleprocessorCPU hourson CRAY C90 to advanceone � ow time
across the streamwise domain length, and over 1000 CPU hours for
the complete simulation. The velocity and pressure statistics pre-
sented hereafter are collected over a period TsU 1 / h ¼ 60.62, or
3.67 � ow-through times based on freestream velocity.

The boundary conditions at the inlet are obtained by the follow-
ing procedure. First, an auxiliary RANS calculation is conducted
in a C-grid domain enclosing the entire strut, using Menter’s shear-
stress transport (SST) k– x model.19 The resulting mean velocities,
accountingfor the � ow accelerationand circulationassociatedwith
a lifting surface, are used as the in� ow pro� les outside the boundary
layersonboth sidesof the strut.Within the turbulentboundarylayers
the time series of in� ow velocities are generated from two separate
LES of � at-plate boundary layers with zero pressuregradient, using
the method described by Lund et al.20 The in� ow-generation LES
employs an identical mesh resolution as for the trailing-edge � ow
LES at the inlet and matches the local boundary-layerproperties,in-
cluding the momentum thickness and Reynolds number, with those
from the RANS simulation.

A no-slip condition is applied on the surface of the strut. The top
and bottom boundaries are placed far ( » 20h) away from the strut

to minimize the impact of the imposed velocities, obtained from
RANS calculations. At the downstream boundary, the convective
out� ow condition21 is applied to allow the vortical disturbances in
the wake to leave the computational domain smoothly.

The present numerical method and the computer program have
been validated in the LES of several turbulent � ows, including � ow
past a circular cylinder22 and � ow in a planar asymmetric diffuser.23

The same code has also been used to perform the trailing-edge
� ow LES in conjunction with wall-layer models on a coarser grid
(one-sixth of the present grid size),24 and good agreement with the
present full LES solutions has been obtained.

B. Simulation Results
Figure 2a depicts contours of the instantaneous streamwise ve-

locity u1 / U 1 at a given spanwise location. The mean streamwise
velocity (U1 / U 1 ) contours, obtained by averaging over the homo-
geneousspanwisedirectionand time, areplottedin Fig. 2b.Note that
the numerically simulated � elds exhibit realistic turbulence struc-
tures and a small separated zone near the trailing edge. The two
shear layers, arising from the separatedboundary layer on the upper
side and the attached boundary layer on the lower side, interact to
produce a turbulent wake in the downstreamdirection. No coherent
vortex shedding is observed, in agreement with Blake’s experimen-
tal data,14 which show vortex shedding from a 45-deg trailing edge
but not the 25-deg one.

In Fig. 3, the magnitude of the mean velocity U = (U 2
1 + U 2

2 )1/ 2

normalized by its value at the boundary-layeredge Ue is plotted as

a)

b)

Fig.2 Velocity � elds computedfrom LES: a) instantaneousstreamwise
velocity u1/U 1 at a given spanwise cut (contour levels from ¡ 0:236 to
1:274, with increment 0:116) and b) mean streamwise velocity U1 /U 1
(contour levels from ¡ 0:081 to 1:207, with increment 0:068).

Fig.3 Pro� les of the normalizedmean velocity magnitudeas a function
ofvertical distance from the upper surface, at stations (from left to right)
C, D, E, F, and G: ——, LES, and ² , Blake’s experiment14; individual
pro� les are separated by a horizontal offset of 1 with the corresponding
zero lines located at 0, 1, : : : , 4.
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Fig. 4 Pro� les of the rms streamwise velocity � uctuations as a func-
tion of vertical distance from the upper surface, at stations (from left
to right) B, D, E, F, and G: ——, LES, and ² , Blake’s experiment14;
individual pro� les are separated by a horizontal offset of 0:15 with the
corresponding zero lines located at 0, 0:15, : : : , 0:60.

Fig. 5 Mean surface pressure distributionnear the trailing edge: ——,
LES, and ² , Blake’s experiment.14

a function of vertical distance from the upper surface at streamwise
stations (from left to right) C–G . The solid lines are from LES, and
the symbols representBlake’s14 experimentaldata.Good agreement
with the experimental results is obtained at station C and all of the
upstream locations.At stations D and E , where the boundary layer
is subject to strongadversepressuregradientbut remains attachedto
the wall, theLES pro� les are fuller in the near-wallregion than those
from the experiment.Farther downstream, as an unsteadyseparated
region develops,the discrepancydiminishes,and the computedpro-
� les compare well again with the experimental results at stations F
and G .

Figure 4 compares the computational and experimental pro� les
of the rms streamwise velocity � uctuations at stations (from left to
right) B, D, E , F , and G. The agreement between the LES and
the experimental results is quite good except in the near-wall region
and at the last two stations. The experimental pro� les are seen to
miss consistently the near-wall peaks known to exist in turbulent
boundary layers, suggesting a possible lack of spatial resolution or
high-frequencyresponseas the probeapproachesthewall. The large
discrepancyobservedin the separatedregion(stations F and G)may
be caused by both simulation and measurement errors. In general,
hot-wire readings become increasingly dif� cult to interpret if the
rms turbulence intensity exceeds 30% of the local mean velocity,25

which is the case in the separation bubble where the mean velocity
is very small (cf. Fig. 3).

The dimensionless mean pressure (=C p /2) is depicted in Fig. 5
as a function of x1. The comparison between the LES and experi-
mental results is reasonable in the trailing-edge region, but unsat-
isfactory upstream of it. The experimental data plotted here were
provided in a private communication by W. K. Blake in 1998 after
the completion of the present LES. Only a single datum point is
available on the lower surface (the upper point at x1 / h = ¡ 7.125).

Fig. 6 Time history of surface pressure � uctuations at streamwise sta-
tions (from bottom to top) B, C, D, E, F, G, trailing edge, and G (lower
surface), at a � xed spanwise coordinate; individualcurves are separated
by a vertical offset of 0:05 with the corresponding zero lines located at
0:05, 0:10, : : : , 0:40.

Based on this point, and assuming that the mean pressure is ap-
proximately constant on the lower surface as suggestedby the LES
prediction, it is evident that the lift and, hence, circulation in the
experiment are much smaller than those in the LES. Because the
circulation in the LES is imposed through the unequal mean veloc-
ity pro� les on the two sides of the strut at the inlet boundary, one
concludes that the difference between the in� ow velocities, pro-
vided by the auxiliary RANS calculation, has been exaggerated.
Indeed, an estimate using C p and the Bernoulli equation indicates
that, in the experiment, the in� ow velocities at the boundary layer
edges are U upper

e ¼ 1.071U 1 and U lower
e ¼ 1.032U 1 , compared with

U upper
e ¼ 1.093U 1 and U lower

e ¼ 0.979U 1 used in the LES.
Temporalvariationsof wall-pressure� uctuationsare exempli� ed

in Fig. 6. The curves are obtained at stations (from bottom to top)
B–G, the trailing edge, and G on the lower surface, at a � xed span-
wise location. At stations B– E the pressure signals consist of pre-
dominantlyhigh-frequency� uctuationsassociatedwith small-scale
eddies in the attached turbulentboundary layer. The oscillationam-
plitude is decreasedin the favorablepressuregradientregion(station
C ) and increased in the adverse pressure gradient region (stations
D and E ). After the boundary layer is separated(stations F and G ),
the high-frequencycontent is diminished, and the surface pressure
is characterized by lower-frequency and higher-amplitude oscilla-
tions causedby theunsteadyseparation.The high-frequencycontent
reappears at the trailing edge owing to the contributionfrom the at-
tached turbulent boundary layer on the lower side. Meanwhile, the
in� uence of the unsteady separation and wake extends upstream
from the trailing edge on the lower surface, as evidenced by the
low-frequencycontent visible in the top curve (position G on lower
surface). This in� uence diminishes gradually as one moves farther
upstream.

Figure 7 shows the space– time correlations of the upper-surface
pressure � uctuations as a function of temporal and spanwise sep-
arations at stations C –G and the trailing edge (actually, one-half
grid spacing from the edge on the staggered mesh). The isocor-
relation contours show relatively small variations of the spanwise
spatial and temporal scales from stations C to E , underneath the
attached boundary layer with adverse pressure gradient. A dra-
matic increase of spatial and temporal scales occurs, however, after
the turbulent boundary layer becomes separated (stations F , G, and
the trailing edge). The wall pressure � uctuations inside the sepa-
rated zone are dominated by the effect of large-scale � uid motion.
The small-scale eddies from the upstream boundary layer are lifted
away from the wall, and, hence, their contribution to the wall pres-
sure is diminished, as is evident in Fig. 6. At the trailing edge, the
correlationcontoursexhibit some featuresof small-scalecorrelation
superimposed on the extremely large overall scales because of the
contribution from the lower-surface boundary layer.

Note that the correlationcontours in Fig. 7 show insuf� cient drop
at maximum spanwise separations inside the separated region, par-
ticularly at station G and the trailing edge. This suggests that the
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a)

b)

c)

d)

e)

f)

Fig. 7 Contours of space–time correlation of the upper-surface pressure � uctuations as a function of spanwise and temporal separations, at stations
a) C, b) D, c) E, d) F, e) G, and f) trailing edge; contour values are from 0:1 to 0:9, with increment 0:1.

computationaldomain is too restrictive in the spanwise direction to
allow the development of fully three-dimensional large-scale � ow
structures.The effect of the small spanwise domain size on the low-
order � ow statisticsdescribedhas not been investigated.In addition,
spanwise domain size has important implications to the acoustic
prediction, as will be discussed in Sec. III.

Figure 8 depicts the frequency spectra of wall pressure � uctu-
ations calculated from LES and compares them with those from
Blake’s experiment.14 The variablesused for normalizationare U 1 ,
h, and the dynamic pressure q 1 = q U 2

1 /2. The calculated spectra
agree relatively well with the experimental data at most stations ex-
cept station G , where the spectrum is signi� cantly overpredicted.
Note that before the boundary-layerseparation (stations C– E ), the
LES spectra drop off more quickly than the experimental spectra
at the high-frequency end due to limited grid resolution and � -
nite difference errors. The high-frequency content corresponds to
� ne spatial structures not resolved on the simulation grid. After
the separation, however, the small-scale effect is diminished, and
the LES is capable of capturing the entire frequency range mea-
sured by the experiment. The spectrum at the trailing edge, where
no experimental data are available, again consists of contributions
from the upper (separated) and lower (attached) boundary layers.
The latter is responsible for the high-frequency peak shown in
Fig. 8f.

III. Noise Computation
A. Overview of Methods

The noise radiation to the far � eld is calculated in the frame-
work of Lighthill’s theory.1 Crighton and Leppington9 show that
the trailing-edgenoise � eld has a nonmultipole character, which is
caused by the scattering surface being noncompact relative to the
acoustic wavelength. To account for the surface re� ection, the cor-
rect boundary conditions must be satis� ed by both hydrodynamic
and acoustic components of the � ow. This can be achieved in two
ways, depending on the information contained within the available
source-� eld data.

If the source � eld is computed from the incompressible Navier–
Stokes equations, as in the present study, a hard-wall Green’s func-
tion, whose normal derivativevanishes on the surface, must be em-
ployed in an integral solution to the Lighthill equation to impose
the acoustic wall condition. The convolution of source terms with
the geometry-speci�c Green’s functioncauses the disturbancewave

numbers to be converted from the hydrodynamic domain to the
acoustic domain. An important advantageof this method is that the
source structure, for example, the “ 3

2 -pole” for a thin-plate edge, is
correctly represented.This is crucial in acoustic-analogy-based cal-
culations because a mischaracterizationof the acoustic source can
cause numerical errors to overwhelm the predicted noise. Another
advantageof using the speci� c Green’s function is that only incom-
pressible source functions are required. Incompressible turbulence
is less costly to simulate numerically than compressible turbulence.
The drawback of this method is that the exact Green’s function is
not in general available in closed form. It has to be approximatedor
computed numerically.

If, on the other hand, the source � eld is obtained from the com-
pressible Navier–Stokes equations, the hard-wall boundary con-
dition is automatically satis� ed by both the hydrodynamic and
acoustic components, and a free-space Green’s function may be
used. The integral solutions of Curle2 and Ffowcs-Williams and
Hawkings3 provide a useful framework. The Ffowcs-Williams and
Hawkings equation is the most general form of integral solutions to
the Lighthillequation,allowingfor arbitrarysurfacevelocity.At low
Machnumbers the solutionis consideredto be dominatedby the sur-
face terms in apparentmonopoleand dipoleforms,and the true noise
characteristicsemerges only if the numerical integrationaccurately
accounts for the constructive/destructive interferences among sig-
nals from the noncompactsurface elements. Singer et al.10 used this
approach in conjunctionwith a compressible� ow solver to compute
the sound of two-dimensional vortices convected past the trailing
edgeof a thin airfoil.The calculationwas shown to capture the basic
features of edge-scatteringnoise, and the discrepancieswith theory
(the two-dimensional version of Ffowcs-Williams and Hall’s8 half-
plane solution) were explained in terms of the � nite chord effect
and the nonlinear scaling of the rms velocity � uctuations near the
trailing edge with the freestream velocity.

B. Formulation and Approximations
When the acoustic wavelength is much longer than the thickness

of the strut but much shorter than the chord (h ¿ k a ¿ C ), which
coversan important range of frequencies(to be noted later), the strut
is reasonablyapproximatedby a semi-in� nite plane with zero thick-
ness.Crighton and Leppington9 and Howe26,27 demonstrateanalyti-
cally that in the acousticallythin foil limit, the speci� c trailing-edge
shape does not affect the fundamental scattering properties such as
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a)

b)

c)

d)

e)

f)

Fig. 8 Frequency spectra of wall pressure � uctuations at stations a) C, b) D, c) E, d) F, e) G, and f) trailing edge: ——, LES, and ² , experiment.

the directivityand the velocityscalingof the predictednoisespectra.
By using the thin half-planeGreen’s function,Ffowcs-Williamsand
Hall8 show that the far-� eld pressure perturbation in the frequency
domain can be written in the form

p̂a (x, x ) ¼
2e ¡ i( p / 4)

p
1
2

k2 sin
h

2 V

eik R

4 p R
(sin u )

1
2

(2kr0)
3
2

£ q 1 u2
h ¡ u2

r sin
h 0

2
¡ 2q 1 ur u h cos

h 0

2
d3y (1)

where the caret denotes temporal Fourier transform, x is the cir-
cular frequency, and k = x /c 1 is the acoustic wave number. The
velocity components ur and u h are de� ned in a cylindrical-polar
coordinate system shown in Fig. 9. Position vectors x (r , h , z) and
y (r0, h 0 , z0) represent far-� eld and source-�eld points, respectively,
with R = j x ¡ y j and sin u =r / [r 2 + (z ¡ z0)2]1/ 2.

In addition to the approximateGreen’s function, several assump-
tions are implied in Eq. (1). The viscous stress is assumed unimpor-
tant as a noise source at high Reynolds numbers. The convection,
refraction,and scatteringof acousticwaves by the turbulent � ow are
ignored, which is justi� able in the low-Mach-number limit except
at very high frequenciesand/or at h values close to 0 or p . Further-
more, the integrand in Eq. (1) is derived for a source region well
within one acoustic wavelength from the trailing edge (kr0 ¿ 1 or
r0 ¿ k a ). Althoughonly eddieswithin this distancecontributeto the
ampli� ed scatteringnoise, from a computationalpoint of view, it is
desirable to integrate farther out for better convergence (boundary

Fig. 9 Coordinate system for calculating the radiated noiseof � ow past
the trailing edge of a semi-in� nite thin plate.

independenceof the volume integral), given the (kr0) ¡ 3/ 2 decay of
the Green’s functionfactor.A moregeneralintegralexpressionvalid
for all r0 values has been derived in Ref. 28. However, calculations
using both integrals show insigni�cant differences.

The noise calculation can be simpli� ed further if the spanwise
extent of the source � eld is acoustically compact (z0 ¿ k a ). Al-
though this is not generally the case for the full-span foil used in
the experiment, it is valid for the source region containedwithin the
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a) !h/U 1 = 1:68

b) !h/U 1 = 6:75

c) !h/U 1 = 27:0

d) !h/U 1 = 54:0

Fig. 10 Contours of the magnitude of the acoustic source term ¡ 2uruµ /U2
1 at four different frequencies; contour levels ( £ £ 102 ): a) 0:20–3:40, with

increment 0:20; b) 0:20–3:00, with increment 0:20; c) 0:10–1:40, with increment 0:10; and d) 0:03–0:42, with increment 0:03.

computationaldomain (more discussion will follow in this regard).
Equation (1) can then be approximated by

p̂a (x, x ) ¼
exp[i (k j x j ¡ p /4)]

2
5
2 p

3
2 j x j

(k sin u )
1
2 sin

h

2
Ŝ( x ) (2)

where

S(t ) =
V

q 1

r
3
2

0

u2
h ¡ u2

r sin
h 0

2
¡ 2ur u h cos

h 0

2
d3y (3)

Equation (2) is particularly convenient to use because, rather than
dealing with spatially distributed source terms, it involves only a
single compact source S(t ) that can be easily evaluated during the
source-� eld LES. Computations using Eqs. (1) and (2) again give
nearly identical results for the low Mach number considered.

In the context of LES, the Lighthill stress is formally expressed
as T̄i j = q ū i ū j + q s i j , where the overline indicates spatial � lter-
ing and the entropy and viscous terms are ignored. It consists of
nonlinear interactions among resolved scales (� rst term), and the
subgrid scale contribution to the resolved scales (second term).
Piomelli et al.29 examined the effect of small scales on sound gen-
eration using a channel � ow DNS database. In the present compu-
tation, the Lighthill stress terms are evaluated using the resolved
velocity components only, assuming that the SGS contribution is
relatively small. Note that the dynamic SGS model used in the
source-� eld simulation gives only the anisotropic part of the SGS
stress tensor, s i j ¡ d i j s kk / 3, and, thus, the normal stress components
cannot be determined. If one desires to include q s i j in the noise cal-
culation, an alternative formulation of the SGS model, such as the
dynamic localizationmodel30 that solves an additional equation for
the SGS kinetic energy s kk /2, should be used.

C. Results and Discussion
To compute the source terms in Eqs. (1) and (3), the velocitycom-

ponentsu1 andu2 on the entire computationalgridare sampledat ev-
ery 10 time steps during the source-� eld LES. The sampling resolu-
tion D tsU 1 / h ¼ 0.029. The total record of N = 1152 time samples,
covering a period TsU 1 / h ¼ 33.47, is divided into eight segments
with a 50% overlap.For each segment,which contains256 samples,
the source quantitiesu2

h ¡ u2
r and ¡ 2ur u h are computed, and the in-

tegral (3) is evaluated. The aperiodic time series are multiplied by

the Hanning window function and discrete Fourier transforms are
performed.The resultingFourier coef� cients are renormalizedsuch
that the power spectrum computed from them, when integratedover
all positive frequencies, gives the mean-square � uctuations of the
original function. If one deals with a span that is acoustically non-
compact, then the Fourier transforms and the renormalizationmust
be performed on the distributed source terms in Eq. (1) before the
volume integration. As a result of the aforementioned procedure,
eight sets of the source terms are available. Each set can be used in
Eq. (2) [Eq. (1) if noncompact in span] to give a sample noise � eld,
and the noise power spectra are obtained as the ensemble average
of the spectra from all sample � elds.

Figure 10 depicts the magnitude of the Reynolds shear-stress
source term (normalized), j ¡ 2ur u h j / U 2

1 , in the trailing-edgeregion
at four selected frequencies.The other source term representing the
normal stress behaves in a qualitativelysimilar manner. The source
magnitudesare averagedover eight samples and the spanwisedirec-
tion.The contourlinesshow that the spatialdistributionof theacous-
tic source varies signi� cantly with frequency. The low-frequency
source, associatedwith the large-scaleunsteady � ow structures,ex-
hibits strength in a large region including the wake (cf. Figs. 10a
and 10b). The largest values are found in the shear layers emanating
from the upper (separated) and lower (attached) boundarylayers.As
the frequency increases (Figs. 10c and 10d), the source distribution
becomes more concentrated, particularly in the lower shear layer
close to the trailing edge. The wake region farther from the edge
contributes little to the high-frequency source terms due to a lack
of the correspondingsmall-scale � ow structures. In the convolution
integrals (1) and (3), the source terms shown in Fig. 10 are weighted
by an r ¡ 3/ 2

0 factor, and, thus, the effectivenoise source is much more
concentrated in the trailing-eddy region.

Trailing-edge noise from a source region consisting of the com-
putational domain can be readily obtained from Eq. (1) or (2). In a
typical LES, however, the spanwise width L z of the computational
domain is only a small fraction of the actual span L . For example,
L / L z =47 for the present LES of Blake’s experiment.14 To predict
the frequency spectrum of the sound pressure radiated from the en-
tire span, one requires knowledge about the spanwise coherence of
the source � eld. Kato et al.4 discussed this issue in their calculation
of noise from a cylinder wake. When we let K z = K z( x ) denote the
coherence length for a given frequency, two limiting cases can be
found for which the total noise is well de� ned:
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1) If L z ¸ K z , source regions separatedby the computationalbox
size radiate in a statistically independent manner. Hence, the total
noise spectrum is the sum of contributionsfrom L / L z independent
source regions along the span: U total

pa ¼ (L / L z) U pa .
2) If L · K z , the source is coherent along the entire span (two-

dimensional source). Based on Eq. (1), if the spanwise variation
of the retarded time is ignored, p̂total

a ¼ (L / L z) p̂a , and, hence,
U total

pa ¼ (L / L z)2 U pa .
In the intermediate regime L z < K z < L , and an accurate predic-

tion of the total sound pressure is dif� cult to achieve. The com-
putational domain is too small to accommodate the spanwise � ow
scales, and, thus, the acoustic source functions are not computed
reliably. The rigorous remedy is to increase the computational box
size L z so that case 1 or 2 applies.This is, however, often extremely
expensive.Kato et al.4 resortedto an ad hoc approachin which K z is
approximatedby extrapolatingfrom the slowly decayingcoherence
function, and a hybrid formula based on cases 1 and 2 is used to
estimate the total noise radiation.

Another ad hoc approach employed by previous investigators is
theperiodicextensionof thecomputedsource� eld to theentirespan.
The volumeintegral(1) is then takenovertheexpandeddomain.This
approachis essentiallyequivalent to the approachused in case 2, ex-
cept that the integration takes into account retarded time variations
along the span. Manoha et al.13 used this method in their calcula-
tion of the noise from a blunt (rectangular) trailing edge of a � at
plate.

In Fig. 11, several noise spectra are plotted as a function of fre-
quency at r / h =150, z = 0, and M =0.088. Note that the nor-
malization factor for the spectra includes Mach number depen-
dence and directivity. The solid line is computed from the thin
slab of the source � eld within the LES domain. The local spec-
trum peak near x h / U 1 = 23.6 can be identi� ed with the diffrac-
tion of boundary-layer eddies from the lower side. The total noise
spectrum under the incoherent source assumption (case 1) is given
by the dashed line, whereas the coherence source calculation (case
2) gives the chain-dashed line (the top curve). The latter serves
as the upper bound of the true noise spectrum at low frequencies
where condition 1 is invalid. The spectrum calculated using peri-
odic source extension in x3, shown as the dotted curve, coincides
with that from the coherence-sourcecalculationat low frequencies,
and drifts to lower values at higher frequencies due to the increas-
ing importance of retarded time variations.Nonetheless, it remains
considerably larger than the spectrum level calculated under the
incoherent source assumption, even in the wide frequency range
where the assumption is perfectly valid (see discussions hereafter).
This suggests that an acoustics calculation using a periodic source-
domain extensionwill likely lead to overpredictionof the total noise
level.

A complete determinationof the far-� eld noise requires the span-
wise coherenceof the source � eld to be computed. For a given � eld
quantity q, the coherence is de� ned as

Fig. 11 Frequency spectra of the far-� eld noise at r/h = 150, z = 0, and
M = 0:088: ——, spectrum calculated from a partial source � eld (the
LES domain); - - - -, total spectrum assuming Lz ¸ ¸ K z; – - –, total spec-
trum assuming L ·· K z; and ¢ ¢ ¢ ¢ , total spectrum using periodic source
extension in span.

a)

b)

Fig. 12 Spanwise coherence of the � uctuating surface pressure on the
upper surface near the trailing edge: a) contour plot (contour levels
from 0:1 to 0:9, with increment 0:10) and b) coherence at frequen-
cies !h/U 1 ¼ 1:75 (——), 3:51 (- - - -), 5:26 ( ¢ ¢ ¢ ¢ ), 7:01 (– - –), and 8:76
(– ¢ – ).

c 2(x, r, x ) =
j U qq (x, r, x ) j 2

j U qq (x, 0, x ) j j U qq (x + r, 0, x ) j
(4)

where the cross spectrum function U qq is the Fourier transform of
the space– time cross correlation function

U qq (x, r, x ) =
1

¡ 1
h q(x, t )q(x + r, t + s ) i e ¡ i x s d s (5)

An estimate of c 2 is made based on the � uctuating surface pressure
(q ´ p) in thevicinityof the trailingedge, under the premisethat it is
representativeof the overall coherenceof the volume distributionof
source terms in Eq. (1). Figure 12 shows the spanwise pressure co-
herenceon the upper surface,one-half grid spacing from the trailing
edge. The upper plot shows the isocoherencecontours as a function
of frequencyand spanwiseseparation.The coherenceis seen to drop
rapidly with spanwise separation, except at the low-frequency end.
The coherence at selected low frequencies is depicted in the lower
plot as a function of spanwise separation. It is observed that for
x h / U 1 ¸ 5.26, the coherence exhibits suf� cient drop within the
computational domain, and, thus, U total

pa ¼ (L / L z) U pa applies. The
dashed curve in Fig. 11 gives the total noise spectrum. Thus, the
presentcomputationaldomain is adequatefor the unique determina-
tion of the total noise over a fairly wide frequency range. Below the
frequency x h / U 1 =5.26, however, the coherence length is larger
than the spanwise dimensionof the computationalbox, and the total
noise cannot be determined with certainty. Given the � at shape of
c 2 at large separationsshown in Fig. 12 (the solid and dashed lines),
it is not possible to obtain the coherence lengths by extrapolationas
in the case of Kato et al.4
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The frequencies corresponding to k a =C and h are given by
x h / U 1 ¼ 3.38 and 71.4, respectively. They de� ne the frequency
range in which the half-plane Green’s function is approximately
valid. Outside this range other appropriateGreen’s functionsshould
be used. In particular, when k a À C , the strut is acoustically com-
pact,and, thus, the free-spaceGreen’s functionis applicable.Curle’s
integral solution2 to the Lighthill equationprovidesa more ef� cient
tool for noise computation.5

The effect of � nite chord (relative to acoustic wavelength),
which is severe at low frequencies, can be inferred from the
multiple-scattering analysis of Howe.31 The � nite chord is shown
to cause the acoustic directivity to develop multiple lobes with ra-
diation nulls in the directions h = 0 and p , as con� rmed computa-
tionally by Singer et al.10 Howe31 observes that the departures from
the half-plane radiation directivity (cardioid pattern) is particularly
signi� cant at reduced frequencies kC < 10, or x h / U 1 < 5.3 in the
present case. In addition, the noise spectrumlevel is expected to de-
viate signi� cantly from the half-planepredictionfor x h / U 1 < 1.2,
based on Howe’s analysis.

At high frequencies (k a ·h), the Green’s function must, in prin-
ciple, be tailored to the speci� c trailing-edge shape. However, the
potentialaccuracyimprovementis limited,giventhe relativelysmall
tip angleof theedgeand thecompetinghigh-frequencyerrorscaused
by the neglect of � ow–acoustic interaction and SGS contribution
to the acoustic source functions. Additional errors may arise from
the � nite foil thickness relative to the source-�eld dimension, even
when the foil is acoustically thin. This affects the source strength
for a wider frequency range but does not fundamentally alter the
radiation characteristics(directivity and velocity scaling). In recent
studies, Howe26,27 shows that the error arising from the half-plane
approximation is signi� cant at high frequencies, when the bound-
ary layer responsiblefor noise generation separatesnear the trailing
edge. The high-frequency sound in the present study is generated
predominantlyby the interactionof the attached boundary layer (on
the lower side) with the trailingedge and is thus minimally impacted
by the simpli� ed Green’s function.If more accuratesolutionsare de-
sired, a shape-dependent Green’s function for an acoustically thin
foil should be employed, which can be obtained computationally
following the analysis of Howe.26,27

As pointed out earlier, Blake’s experiment14 does not include
acoustic measurements, and, thus, a direct comparison with the nu-
merical predictions cannot be made. As a qualitative assessment,
the acoustic pressure spectra measured in a different experiment by
Blake and Gershfeld7 are plotted in Fig. 13 along with the simula-
tion data at r / h = 33, h = p / 2, and z = 0. The normalizationused in
Fig. 13 follows that of Ref. 7, where y f (¼ 0.2h from the simulation)
is theminimumdistancebetweenthe shear layersin thewakeand Mc

(approximatedby 0.72 M in the calculation) is the convectiveMach
number of turbulencepast the trailing edge. The experimentalmea-
surements, obtained for 9 £ 103 ·Rey f ·3.6 £ 104 (the Reynolds
number is based on y f and U 1 ), are representedby the shaded area.

Fig. 13 Comparison of the computed noise spectrum (——) with the
measurements of Blake and Gershfeld7 (shaded area) at r/h = 33,
µ = ¼/2, and z = 0; experimental data were obtained for 9 £ £ 103 ··
Reyf ·· 3:6 £ £ 104 .

They are found to be concentrated at relatively low frequencies
and compare rather favorably with the computed spectrum, which
is based on the incoherence-source (L z ¸ K z ) assumption and has
been adjusted for the larger span (=48h) used in the experiment.Of
course, the incoherence-source assumption is formally valid only
for x y f / U 1 ¸ 1.05 (cf. Fig. 12), and, hence, much of the quanti-
tative agreement (or disagreement) shown in Fig. 13 needs to be
discounted. The comparison should be interpreted in a qualitative
sense.Aside from differencesin trailing-edgeshapeand � ow condi-
tions between the simulation and the experiment, certain additional
assumptions used in the acoustics calculations, including the long-
chord (relative to wavelength) and far-� eld approximations,are also
violated in the low-frequency regime.

Finally, note that an important issue in edge-noise theory is the
applicability of the unsteady-�ow Kutta condition. As shown by
Howe,11 models based on potential � ow theory with and without
imposing the Kutta condition can give sound-pressure level predic-
tions that differ by 10 dB or more. Because the presentwork is based
on numerical solutions to the viscous Navier–Stokes equations, no
such ambiguity exists, and, hence, no special treatment is needed at
the trailing edge. Highly accurate DNS and LES calculations can
help clarify the precise conditions prevailing at the trailing edge.
This will be pursued in future investigations.

IV. Summary
An LES has been carried out for turbulent boundary-layer� ows

past an asymmetricallybeveled trailing edge of a � at strut at a chord
Reynolds number of 2.15 £ 106 . The asymmetric edge of 25-deg
tip angle produces a separated boundary layer on one side and an
attached boundary layer on the other. The computed mean and � uc-
tuating velocity pro� les compare reasonably well with the exper-
imental measurements of Blake.14 The discrepancies observed at
some stations may have been caused by inadequate in� ow velocity
conditions, small computational domain size, as well as possible
experimental errors near the wall and inside the separated region.

The objectives of the trailing-edge � ow LES are to predict the
space– time characteristics of surface pressure � uctuations and to
provide the acoustic source functions for the far-� eld noise calcula-
tion.The frequencyspectraof surfacepressure� uctuationsobtained
from LES agree well with experimentalmeasurements at most sta-
tions. The cause for the over-prediction at station G needs to be
further investigated.The space–time correlations of the � uctuating
surface pressure demonstrate a dramatic increase in temporal and
spanwise spatial scales beneath the unsteadyseparationregion. The
correlation functions near the trailing-edge show insuf� cient drop
at maximum spanwise separations, suggesting the need for a wider
computationaldomain.

The far-� eldacousticsis computedfroman integral-formsolution
to the Lighthill equation developed by Ffowcs-Williams and Hall.8

The Green’s function is approximated by that for an in� nitely thin
half-plane, given the thin foil (relative to acoustic wavelength) and
the small includedangleof the trailingedge.The acousticevaluation
is performedin theFourier frequencydomainusingsource-� elddata
obtained from LES. Computations have been carried out to deter-
mine the source-term characteristicsand the far-� eld noise spectra.
To predict accurately the noise radiation from the entire span using
a partial source � eld included in the LES domain, the spanwise do-
main size is required to be larger than the coherence length of the
source � eld in that direction. The present LES domain is found to
be adequate for predicting noise radiation over a range of frequen-
cies. At low frequencies, however, the spanwise source coherence
estimatedbasedon surfacepressure � uctuationsdoes not decaysuf-
� ciently.This issue will be addressed in future simulationsusing an
expanded computational domain.
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